In non-centrosymmetric conducting channels, the electrical resistance R differs when the current flows in forward (R + ) and backward (R − ) directions under an external magnetic field B, which results from breaking of both the spatial inversion symmetry (SIS) and time reversal symmetry (TRS). Thus far, this nonreciprocal charge transport has been observed only in the non-linear transport regime by using second harmonic measurements, where the resistance difference R + − R − is proportional to both the current intensity I and magnetic field B, and these R + − R − values were minuscule, ~0.01% of the total resistance. Here, we report a new non-reciprocal charge transport phenomenon observed in the linear response
Symmetries are of fundamental importance in physics, as they impose constraints on the physical properties of matter. For example, in condensed matter physics, SIS and TRS guarantee that the electrical conductivity of conductors remains unchanged when the current direction is reversed, which is known as Onsager's reciprocal theorem. 2 Breaking the SIS gives rise to non-reciprocity, whose most illustrative example is electrical rectification in semiconductor p-n junctions. In non-centrosymmetric materials, where the SIS is broken at a microscopic level, however, the rectification effect is minuscule and always requires TRS breaking by application of a magnetic field B, doping with magnetic impurities, or microscopic processes such as electron interactions and dissipation. 3, 4 In previous works, [5] [6] [7] [8] [9] [10] Generally, the magnitude of the higher-order non-reciprocal MR phenomena reported thus far is very weak, only ~0.01% of the total resistance, with a typical I ranging from A to mA, and thus, these phenomena are difficult to detect by DC electrical measurements. The magnitude of the odd-function MR is quantified by the  value (unit:
, which is 10 −3 for a Bi helix, 5 10 −2 for chiral organic materials, 7 10 −1 for Si/SiO2 interfaces, 6 ~1 in polar semiconductors 9 and topological insulators, 10 and ~10 2 in oxide interfaces 11 and reaches a record value of ~10 3 in superconducting MoS2. 12 This extremely wide magnitude range reflects the sensitivity of the non-reciprocal MR to the detailed symmetry of the material structures. For example, non-reciprocal magnetotransport has been reported to enable detection of a spin-texture structure at a topological insulator interface. 13 Therefore, obtaining a large and robust non-reciprocal MR would provide a crucial tool to investigate subtle symmetries or quantum geometries in condensed matter. In this Letter, we report a giant electrical rectification effect in the 1D edge transport channels of an InAs thin film interfaced with an FMS (Ga,Fe)Sb (see Fig. 1a ). The odd-function MR is very large; the resistance change is 27% of the total resistance when the B direction is reversed between ± 10 T, which corresponds to a giant  of 1.4×10 4 at I = 1 μA. The large odd-function MR, clearly observed in DC measurements, remains unchanged over a wide range of I, suggesting that this is the first non-reciprocal charge transport observed in the linear response regime to date. [5] [6] [7] [8] [9] [10] The structure examined in this study consists of, from top to bottom, InAs (thickness 15 nm)/(Ga1 −x ,Fex)Sb (Fe content x = 20%, 15 nm)/AlSb (300 nm)/AlAs (15 nm)/GaAs (100 nm) on semi-insulating GaAs (001) substrates grown by molecular beam epitaxy. In this structure, the InAs layer is a non-magnetic quantum well (QW), responsible for over 99% of the electron transport because the InAs layer is n-type with a sheet carrier concentration of ns = 2.0×10 12 cm −2 , and all the other layers underneath are highly resistive. 1 (Ga,Fe)Sb is an FMS with a high Curie temperature over 300 K. [14] [15] [16] The preparation and characterization of the samples are explained in Ref. 1. Due to the high crystal quality and staggered band profile at the InAs/(Ga,Fe)Sb interface, in which the conduction band bottom of InAs is at a lower energy than the valence band top of (Ga,Fe)Sb, the electron wavefunction in the InAs QW significantly penetrates into the ferromagnetic (Ga,Fe)Sb layer. This induces a large MPE and spin-dependent scattering in the non-magnetic InAs electron channel.
We pattern the InAs/(Ga,Fe)Sb bilayers into 100 × 600 μm 2 Hall bars with electrodes labelled '1' to '6', as shown in Fig. 1b . We drive a DC current I from '1' to '4' and measure the voltage differences Vij = |Vi − Vj| (i, j = 1, 2, 3, 4, 5, 6), from which we obtain the resistances Rij = Vij/I. A magnetic field B is applied perpendicular to the film plane (B//z). As shown in Fig temperature (up to 300 K) of our measurements (lower panel of Fig. 1d ). R odd 23 (B) is 2.0 kΩ at B = 10 T and 2.5 K, corresponding to 13.5% of the total resistance, and this value changes to 27% upon reversing B to −10 T. This is the largest non-reciprocal charge transport observed thus far. Furthermore, the magnitude of the odd-function MR (ΔR/R0, where ΔR = R odd 23(1 T) and R0 = R23(0 T)) remains constant over a very wide range of I, as shown in Fig. 2a . This I independence indicates that the observed non-reciprocal transport is in the linear response regime, completely different from that reported in previous papers. [5] [6] [7] [8] [9] [10] An important observation, obtained by comparing R23 and R65 in Fig. 2b , is that the sign of the odd-function MR flips when we switch the voltage terminals contacting the side edge while maintaining the same measurement setup. Given that B and I are fixed in the same directions, this observation suggests that the odd-function MR originates from the electrical transport along the side edges of the InAs thin film, where the SIS is broken by the opposite polarities, as discussed in the next paragraph. This argument is further supported by the disappearance of the odd-function MR in our two-terminal resistance (R14), where the positive and negative odd-function MR components from the two side edges of the InAs thin films exactly cancel (see Fig. 2c , Fig. S1 , and Methods).
Two types of edge transport are known to occur in InAs/GaSb bilayers. One involves a non-trivial quantum spin Hall edge state, [17] [18] [19] [20] which is formed at the edge of the InAs/GaSb interface when a topological gap is opened due to the inverted band structure (the valence band top of GaSb is at a higher energy than the conduction band bottom of InAs) and SOI. However, because this topological gap is very small (~4 meV), the non-trivial edge state cannot survive at high temperature, which contradicts our observation of the odd-function MR up to room temperature. The other involves a trivial edge state formed at the edge of the InAs layer due to the pinning of the Fermi level at the top and side vacuum surfaces, which is located as high as 0.1 -0.3 eV above the conduction band. [21] [22] [23] [24] [25] [26] As a result, the conduction band potential of InAs is strongly bent downward at the surfaces. The effect is two-fold: First, the electron carriers accumulate more at the edges than in the centre of the InAs film; thus, two 1D edge channels and one 2D transport channel coexist. Second, the SIS is broken at the side edges due to the resulting built-in electric field. Since we define the directions of I and B in our measurements as the x and z directions, respectively, as shown in Fig. 1a , the built-in electric field Esur points outward along the y direction. The directions of Esur in the two edge channels are opposite, which explains the opposite signs of the odd-function MRs in R23 and R65. This result is also consistent with our observation in Fig. 2d that the oddfunction MR follows sin(θ), where θ is the angle between B and the x direction, when we rotate B into the x-z plane.
The most exciting question is how the non-reciprocal charge transport occurs in the linear response regime. If we temporarily neglect the MPE from the (Ga,Fe)Sb layer, the Hamiltonian of the 1D edge channel of InAs can be described as
where k is the wavenumber along the x direction, m* is the effective mass of electrons,
is the effective Rashba SOI due to the built-in potential at the top (side edge) surface, ħ is Dirac's constant, Δz (= gμBBz) is the Zeeman splitting due to an applied magnetic field along the z-axis (Bz), σi (i = x, y, z) are the elements of the Pauli matrix that act on the electron spin degree of freedom, and σ0 is the identity matrix. The energy dispersion from eq. (1) can be described as
where s = +/− denotes the upper and lower bands E+ and E−, as depicted in Fig. 3a ,
respectively. Note that we define the energy band bottom of E− as E = 0. We solve Boltzmann's equations and obtain the first-order electrical current σxx (1) by summing the conductivities of all the bands that cross the Fermi level (EF) (see Methods),
where e is the elementary charge, τs is the relaxation time, h is Planck's constant, and EF is the Fermi energy. Reflecting high breaking of the SIS at the side surface edges, we assume Λtop ≪ Λside, which indicates that the electric field at the side edges is much larger than that at the top surface. 27 
where the factor of 5 implies five-fold degeneracy of the d-orbital, nimp is the mean sheet density of Fe, Vsd is the s-d exchange interaction potential, and Dds(EF) is the Fe-related density of states. Therefore, the linear-response conductivity σxx (1) is rewritten as
Here, we set the phenomenological parameter α as τ+ = ατ− to express that the relaxation time is different between the two spin channels, 31 Fig. 1d ). This behaviour is characteristic of the Kondo-effect-related transport coming from the spin-dependent scattering at the InAs/(Ga,Fe)Sb interface. Another important result is that a smaller EF leads to a larger odd-function MR. If we set EF at approximately 24 meV, which is the same as Δg(0 T), then eq. (5) can reproduce the experimental value (ΔR/R0= 13.5%), as shown in Fig. 3d .
In conclusion, we found a new non-reciprocal charge transport phenomenon linear odd-function MR can be applied to magnetic field sensors whose mechanism is different from that of Hall sensors. This MR phenomenon has a large dynamic range (0 − 10 T) owing to its linearity even at room temperature and requires only simple DC measurements for detection, and its sensitivity can be further enhanced by material engineering, such as optimizing the carrier concentration and SOI strength.
Methods:

Sample preparation and characterization
We 
Fabrication process of the Hall bar devices and transport measurement
We first patterned the MBE-grown heterostructure samples into 100 × 600 μm 2 we deposited SiO2 between the Au pad and the AlSb buffer for passivation. Figure 1b shows an optical microscope image of the Hall bar device examined in this study. We measured the MR by the standard 4-terminal method, except for R14, which was measured by the 2-terminal method, using a Quantum Design physical property measurement system (PPMS) equipped with a magnetotransport measurement system.
Equivalent circuit model of two-and four-terminal magnetotransport measurement
The two results shown in Fig. 2b and c can be understood by the equivalent circuit model shown in Fig. S1 . We describe the 4-terminal resistance as the sum of odd and even components. Here, the 4-terminal resistances facing each other (R23 and R65) are given by
and
Here, we assume that the even components are common in these two resistances (R even 23(B) = R even 65(B)). Reflecting the edge transport data shown in Fig. 2b , the odd components R odd 23 and R odd 65 satisfy
The 2-terminal resistance R14 can be described as
Using eq. (7),
Therefore, R14 is an even function of B.
Theoretical analysis using Boltzmann's equation
The low-energy 1D electrons with a Rashba-type spin-orbit coupling (SOC) at the edge of a 2D electron gas on a ferromagnetic insulator (FI) are described by the effective Hamiltonian given by eq. (1) in the main manuscript,
The 2D electrons near the interface are coupled to the magnetic dopants (Fe) in (Ga,Fe)Sb via the s-d exchange interaction, described by
where Vsd is the exchange potential, Si is the local spin operator, and Ri is the position operator of the ith Fe magnetic dopant. Equation (1) gives the energy dispersion shown in eq. (2),
where s = +/− denotes the upper and lower bands, as well as the related eigenstates φks(x)
= e ikx |uks⟩, with
Here, the angle θk is defined by
The band diagrams are schematically represented in Fig. 3a , in which the position of the Fermi energy determines the topology of the Fermi surfaces. In the presence of an outof-plane magnetic field (Bz), the Rashba-type spin splitting becomes asymmetric because of the Zeeman splitting Δz.
Let us calculate the charge current arising from the edge transport. According to eq. (1), the velocity operator is given by
The expectation value of Eq. (13) on each eigenstate corresponds to the electron group velocity
where the first term is the normal velocity and the second and third terms are additional velocities induced by the Rashba SOC. The curvature of the group velocity becomes
Hereafter, we assume λtop ≪ λside, which means that the electric field at the side edges is much larger than that at the top surface, and neglect the effect of the Rashba SOC from the interface on the energy dispersion. 27 Thus, the third term in eq. (15) is negligibly small.
Let us now calculate the charge current driven by an electric field Ex. When the electric field is applied, under the relaxation time approximation, the Fermi surface shifts by δk = −eExτs/ħ, where τs is the electron relaxation time. Since the 1D Rashba-type SOC is assumed to only exist near the edges, we expect that the precession of the nonequilibrium spin density around the magnetic exchange field will be small and neglect the interband contributions. According to Anderson's model, which describes the electron scattering in metals due to magnetic dopants with d-orbitals, 27 the electron relaxation time for eq. (10) is given by eq. (4),
where the factor of 5 implies the five-fold degeneracy of the d-orbitals, nimp is the mean sheet density of local spins, Dds(EF) is the electronic density of states for the magnetic dopants, and EF is the Fermi energy.
By taking a power series expansion with respect to the electric field Ex up to the 1st order, the corresponding deviation from the equilibrium distribution function fs (0) is
is the first-order deviation from fs (0) . Therefore, the charge current density Jx consists of Jx (0) and Jx (1) ; Jx = Jx (0) + Jx (1) (Ex). Here, the first-order current density is given by
where C1=e 2 Ex/2πħ. For T → 0, −∂fs (0) /∂Es = δ(Es − EF); then,
For EF ≫ Δz, eq. (19) is approximately rewritten as
is a parameter. 32 Note that Dd+(-) denotes the density of states for the majority (minority) spin band. Therefore, the first-order conductivity is given by eq. (5),
where h is Planck's constant. the z direction, calculated by eq. (2). Here, we set m*/m0 = 0.08, 28 Δz/Bz = 0.52 meV/T for g = 18, 29 m*λ 2 side = 0.45 meV, 27 and m*λ 2 top = 0.027 meV. 30 Two different regions (I) and (II) can be observed, defined by whether the Fermi energy EF crosses only one or two dispersion branches E+ and E−. Δg is the energy gap between the minima of E+ and E−. b, Calculated results of the non-reciprocal MR using eq. (5) with α = 0.1, EF = 100 meV, m*λ 2 side = 0.45 meV, 27 and Δz/Bz = 0.52 meV/T for g = 18. 29 The sign of the Rashba parameter λside determines the polarity of the odd-function MR component in the 1D system. c, and d, Odd-function MR as functions of α (with EF =100 meV) and EF (with α = 0.1), respectively. α represents the strength of the MPE at the interface; α is small in the case of a strong MPE. A strong MPE and a small α lead to a large odd-function MR. 
